
Quiz 10 Key 
 

Part A 
 

 
 
Path is a triangle traversed counter clockwise. Use Green’s Theorem. Integrand is 𝑁𝑥 − 𝑀𝑦 = 3 − 2𝑦. Thus, the 

double integral is ∫ ∫ 3 − 2𝑦
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𝑥/3
 𝑑𝑦

9

0
𝑑𝑥. The inner integral is ∫ 3 − 2𝑦

3

𝑥/3
 𝑑𝑦 = [3𝑦 − 𝑦2]𝑥 3⁄
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𝑥2 − 𝑥. The outer integral is ∫ (
1

9
𝑥2 − 𝑥) 𝑑𝑥

9

0
= [

1

27
𝑥3 −

1

2
𝑥2]

0

9
=

729

27
−

81

2
= −

27

2
= −13.5. 

 

 
 
Use Green’s Theorem. Integrand is 𝑁𝑥 − 𝑀𝑦 = 2 − 𝑥. Since the region of integration is a quarter circle, use polar. 

Thus, Green’s Theorem gives ∫ ∫ (2 − 𝑟 cos 𝜃)𝑟 𝑑𝑟
5

0
𝑑𝜃

𝜋 2⁄

0
. The inner integral is ∫ (2𝑟 − 𝑟2 cos 𝜃) 𝑑𝑟
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0
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3
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cos 𝜃. The outer integral is ∫ (25 −

125

3
cos 𝜃) 𝑑𝜃

𝜋 2⁄

0
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3
sin 𝜃]
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, which 

is about -2.397. 
 

 
 
The vector field is conservative. The potential function is 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑥𝑦 + 𝑦2. Evaluated at the end points gives 
(72 + (7)(4) + 42) − (12 + (1)(1) + 12) = 49 + 28 + 16 − 3 = 90. 
 



 
 
The net work would be 0, so the remaining side would give a line integral value of -90. 
 

 
 
A conservative vector field has curl F = 0. The answer is B. 
 

∇ × 𝐹 = |

𝑖 𝑗 𝑘
𝜕𝑥 𝜕𝑦 𝜕𝑧

𝑦 − 3𝑧 𝑥 + 2𝑦 2𝑦 − 3𝑧
| = (2 − 2)𝑖 − (0 − 0)𝑗 + (1 − 1)𝑘 = 𝟎. 
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Part B 
 

 
 

1. Path D is parameterized as 𝑟(𝑡) = 〈0,5 − 5𝑡〉, 0 ≤ 𝑡 ≤ 1. Thus 𝑟′(𝑡) = 〈0, −5〉 and 𝐹(𝑡) = 〈5 − 5𝑡, 15 − 15𝑡〉. 

The integrand is 〈5 − 5𝑡, 15 − 15𝑡〉 ⋅ 〈0, −5〉 = −75 + 75𝑡. The line integral is ∫ 𝐹 ⋅ 𝑑𝑟
𝐷

= ∫ (−75 + 75𝑡) 𝑑𝑡
1

0
, 

which is [−75𝑡 +
75

2
𝑡2]

0

1
= −75 +

75

2
= −

75

2
 or −37.5. 

2. The integrand is 𝑁𝑥 − 𝑀𝑦 = 4 − 1 = 3, so the integral is ∬ 3 𝑑𝐴
𝑅

, where R is the rectangle of base 6 and 

height 5, so the total line integral is ∫ 𝐹 ⋅ 𝑑𝑟
𝐶∪𝐷

= 3(𝑎𝑟𝑒𝑎) = 3(6)(5) = 90. 

3. We have ∫ 𝐹 ⋅ 𝑑𝑟
𝐶

+ ∫ 𝐹 ⋅ 𝑑𝑟
𝐷

= ∫ 𝐹 ⋅ 𝑑𝑟
𝐶∪𝐷

. This is ∫ 𝐹 ⋅ 𝑑𝑟
𝐶

− 37.5 = 90, so ∫ 𝐹 ⋅ 𝑑𝑟
𝐶

= 127.5, or 255

2
. 



    N  x −   M  y = 3 − 2 y


    ∫ 0 9    ∫  x / 3 3  3 − 2 y   d y d x


    ∫  x / 3 3  3 − 2 y   d y =    [ 3 y −   y 2 ]    x 3 3 =  ( 9 − 9 ) −  ( x −  1 9   x 2 )


   1 9   x 2 − x


    ∫ 0 9   (  1 9   x 2 − x ) d x =    [  1 27   x 3 −  1 2   x 2 ] 0 9 =  729 27 −  81 2 = −  27 2 = − 13 . 5


    N  x −   M  y = 2 − x


    ∫ 0    𝜋 2    ∫ 0 5   ( 2 − r  cos ⁡  𝜃 ) r   d r d 𝜃


    ∫ 0 5   ( 2 r −   r 2  cos ⁡  𝜃 )   d r =    [   r 2 −  1 3   r 3  cos ⁡  𝜃 ] 0 5 = 25 −  125 3  cos ⁡  𝜃 .


    ∫ 0    𝜋 2   ( 25 −  125 3  cos ⁡  𝜃 ) d 𝜃 =    [ 25 𝜃 −  125 3  sin ⁡  𝜃 ] 0    𝜋 2 =  25 2 𝜋 −  125 3 ,


  f  ( x , y ) =   x 2 + x y +   y 2


   (  7 2 +  ( 7 )  ( 4 ) +  4 2 ) −  (  1 2 +  ( 1 )  ( 1 ) +  1 2 ) = 49 + 28 + 16 − 3 = 90


  ∇ × F =  |    i  j  k     𝜕  x    𝜕  y    𝜕  z   y − 3 z  x + 2 y  2 y − 3 z | =  ( 2 − 2 ) i −  ( 0 − 0 ) j +  ( 1 − 1 ) k = 𝟎 .


  r  ( t ) =  〈 0 , 5 − 5 t 〉 ,   0 ≤ t ≤ 1


    r ′  ( t ) =  〈 0 , − 5 〉


  F  ( t ) =  〈 5 − 5 t , 15 − 15 t 〉


   〈 5 − 5 t , 15 − 15 t 〉 ⋅  〈 0 , − 5 〉 = − 75 + 75 t


    ∫  D  F ⋅ d r =   ∫ 0 1   ( − 75 + 75 t )   d t


     [ − 75 t +  75 2   t 2 ] 0 1 = − 75 +  75 2 = −  75 2


  − 37 . 5


    N  x −   M  y = 4 − 1 = 3


    ∬  R  3   d A


    ∫  C ∪ D  F ⋅ d r = 3  ( a r e a ) = 3  ( 6 )  ( 5 ) = 90


    ∫  C  F ⋅ d r +   ∫  D  F ⋅ d r =   ∫  C ∪ D  F ⋅ d r


    ∫  C  F ⋅ d r − 37 . 5 = 90


    ∫  C  F ⋅ d r = 127 . 5
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