
Quiz 5 key 

 

 
Normal vector 𝐧 = 〈𝑓𝑥, 𝑓𝑦, −1〉 = 〈6𝑥𝑦4, 12𝑥2𝑦3, −1〉. Evaluate at -2 and 3, you get 𝐧 = 〈−972, 1296, −1〉 

 

 

𝑉(𝑏, ℎ) =
1

3
𝑏2ℎ, so 𝑑𝑉 = 𝑉𝑏 𝑑𝑏 + 𝑉ℎ  𝑑ℎ =

2

3
𝑏ℎ 𝑑𝑏 +

1

3
𝑏2𝑑ℎ. Thus, 𝑑𝑉 =

2

3
(150)(125)(0.04) +

1

2
(150)2(0.05) 

 



 

The derivative is 
𝜕𝑓

𝜕𝑝
=

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑝
+

𝜕𝑓

𝜕𝑦

𝜕𝑦

𝜕𝑝
    →     30 =

𝜕𝑓

𝜕𝑥
(−2) + (5)(4) →    

𝜕𝑓

𝜕𝑥
= −5. 

Because of the repeated partial derivative which could have been confusing, I gave everyone credit for this question as 

long as it was attempted. 

 

 

 

∇𝑓 = 〈𝑦2 + 4𝑥𝑦, 2𝑥𝑦 + 2𝑥2〉 → ∇𝑓(3,2) = 〈28,30〉, slope = |〈28,30〉| = √(282 + 302) 

 



 

∇𝑔 = 〈3𝑥2 + 2𝑦2, 4𝑥𝑦〉 → ∇𝑔(5,4) = 〈107,80〉. Direction is 〈8 − 5,8 − 4〉 = 〈3,4〉, the unit vector is 〈
3

5
,

4

5
〉. Thus the 

derivative is 〈107,80〉 ⋅ 〈
3

5
,

4

5
〉 =

321

5
+

320

5
=

641

5
. 

 

Part B 

 
 

1. Volume is 𝑉(𝑟, ℎ) = 𝜋𝑟2ℎ +
2

3
𝜋𝑟3  (a cylinder + half a sphere). Thus, 𝑑𝑉 = 𝑉𝑟 𝑑𝑟 + 𝑉ℎ 𝑑ℎ, which is 𝑑𝑉 =

(2𝜋𝑟ℎ + 2𝜋𝑟2)𝑑𝑟 + (𝜋𝑟2)𝑑ℎ. Substitute: 𝑑𝑉 = (2𝜋(8)(30) + 2𝜋(8)2)(0.05) + (𝜋(8)2)(0.05). This is 𝑑𝑉 =
(608𝜋)(0.05) + 64𝜋(0.05) = 672𝜋(0.05) = 33.6𝜋 ≈ 105.56 cubic meters.   Any correct equivalent is 

acceptable: it can be left in pi form or approximation form. 

2. The gradient is ∇𝑓 = 〈𝑓𝑥, 𝑓𝑦〉. The first direction unit vector is 〈
1

√5
,

2

√5
〉, so the derivative is 〈𝑓𝑥 , 𝑓𝑦〉 ⋅ 〈

1

√5
,

2

√5
〉 = 2√5. 

When dotted out, this is 𝑓𝑥 (
1

√5
) + 𝑓𝑦 (

2

√5
) = 2√5 .  The other direction unit vector is 〈

2

√13
,

3

√13
〉, and when dotted 

with the gradient, gives 𝑓𝑥 (
2

√13
) + 𝑓𝑦 (

3

√13
) =

17

√13
. Multiply the first by √5 and the second by √13, and this gives 

the system 
𝑓𝑥(1) + 𝑓𝑦(2) = 10

𝑓𝑥(2) + 𝑓𝑦(3) = 17
. Use any method to solve, you get 𝑓𝑥 = 4, 𝑓𝑦 = 3. Thus, the direction of steepest 

ascent is ∇𝑓 = 〈4,3〉 and the slope is |∇𝑓| = √32 + 42 = √25 = 5. 



  𝐧 =  〈   f  x ,   f  y , − 1 〉 =  〈 6 x   y 4 , 12   x 2   y 3 , − 1 〉 .


  𝐧 =  〈 − 972 ,   1296 , − 1 〉


  V  ( b , h ) =  1 3   b 2 h ,  


  d V =   V  b   d b +   V h   d h =  2 3 b h   d b +  1 3   b 2 d h


  d V =  2 3  ( 150 )  ( 125 )  ( 0 . 04 ) +  1 2    ( 150 ) 2  ( 0 . 05 )


    𝜕 f  𝜕 p =   𝜕 f  𝜕 x   𝜕 x  𝜕 p +   𝜕 f  𝜕 y   𝜕 y  𝜕 p         →         30 =   𝜕 f  𝜕 x  ( − 2 ) +  ( 5 )  ( 4 ) →         𝜕 f  𝜕 x = − 5


  ∇ f =  〈   y 2 + 4 x y ,   2 x y + 2   x 2 〉 → ∇ f  ( 3 , 2 ) =  〈 28 , 30 〉 ,   slope =  |  〈 28 , 30 〉 | =   (  28 2 +  30 2 )


  ∇ g =  〈 3   x 2 + 2   y 2 , 4 x y 〉 → ∇ g  ( 5 , 4 ) =  〈 107 , 80 〉


   〈 8 − 5 , 8 − 4 〉 =  〈 3 , 4 〉


   〈  3 5 ,  4 5 〉


   〈 107 , 80 〉 ⋅  〈  3 5 ,  4 5 〉 =  321 5 +  320 5 =  641 5


  V  ( r , h ) = 𝜋   r 2 h +  2 3 𝜋   r 3


  d V =   V  r   d r +   V h   d h


  d V =  ( 2 𝜋 r h + 2 𝜋   r 2 ) d r +  ( 𝜋   r 2 ) d h


  d V =  ( 2 𝜋  ( 8 )  ( 30 ) + 2 𝜋    ( 8 ) 2 )  ( 0 . 05 ) + ( 𝜋    ( 8 ) 2 ) ( 0 . 05 )


  d V =  ( 608 𝜋 )  ( 0 . 05 ) + 64 𝜋  ( 0 . 05 ) = 672 𝜋  ( 0 . 05 ) = 33 . 6 𝜋 ≈ 105 . 56


  ∇ f =  〈   f  x ,   f  y 〉


   〈  1   5 ,  2   5 〉


   〈   f  x ,   f  y 〉 ⋅  〈  1   5 ,  2   5 〉 = 2  5


    f  x  (  1   5 ) +   f  y  (  2   5 ) = 2  5  


   〈  2   13 ,  3   13 〉


    f  x  (  2   13 ) +   f  y  (  3   13 ) =  17   13


   5


   13


       f  x  ( 1 ) +   f  y  ( 2 ) = 10     f  x  ( 2 ) +   f  y  ( 3 ) = 17


    f  x = 4 ,     f  y = 3


  ∇ f =  〈 4 , 3 〉


   | ∇ f | =   3 2 +  4 2 =  25 = 5

