
Quiz 8 Key 
 

Part A 
 

 
 
B is correct.  The top bound in the dy integral in (A) is wrong, and the bounds in the outer (dx) integral in (C) is 
wrong. 
 
 

 
 

The integral is ∫ ∫ ∫ 𝑑𝑧
3−𝑟 sin 𝜃

0
𝑟 𝑑𝑟

3

0
𝑑𝜃

𝜋/2

0
. The inner integral is 3 − 𝑟 sin 𝜃, and the middle integral is 

∫ 3𝑟 − 𝑟2 sin 𝜃  𝑑𝑟
3

0
 which evaluates to 3

2
𝑟2 −

1

3
𝑟3 sin 𝜃 which then is 27

2
− 9 sin 𝜃 after the bounds are evaluated. 

The outer integral is ∫ (
27

2
− 9 sin 𝜃)

𝜋/2

0
𝑑𝜃 = [

27

2
𝜃 + 9 cos 𝜃]

0

𝜋 2⁄
=

27𝜋

4
+ 0 − (0 + 9) =

27𝜋

4
− 9 ≈ 12.206. 

 



 
 
The integrand is 𝑥2 + 𝑦2 + 𝑧2 = 𝜌2, which combined with the Jacobian gives 𝜌4 sin 𝜙. The object is a full sphere of 
radius 1, so the bounds are 0 ≤ 𝜌 ≤ 1, 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝜙 ≤ 𝜋. Thus. C is correct. 
 
 

 
 
The triple integral can be evaluated as three separate single integrals: 
 

∫ sin 𝜙 𝑑𝜙
𝜋

0

= [− cos 𝜙]0
𝜋 = (− cos 𝜋) − (− cos 0) = −(−1) − (−1) = 1 + 1 = 2, 

∫ 𝑑𝜃
2𝜋

0

= 2𝜋,      ∫ 𝜌4 𝑑𝜌
1

0

= [
1

5
𝜌5]

0

1

=
1

5
. 

 

Their product is (2)(2𝜋) (
1

5
) =

4𝜋

5
≈ 2.513 

 
 
 
 
 
 
 



 
 

Part B 
 

 
 
The z bounds are 𝑦 − 4 ≤ 𝑧 ≤ 4 − 𝑦. The x and y variables are replaced with r and theta, with bounds 0 ≤ 𝑟 ≤

4, 0 ≤ 𝜃 ≤ 2𝜋. The triple integral is ∫ ∫ ∫ 𝑑𝑧
4−𝑟 sin 𝜃

𝑟 sin 𝜃−4
𝑟 𝑑𝑟

4

0
𝑑𝜃

2𝜋

0
. The inner integral evaluates 8 − 2𝑟 sin 𝜃. The middle 

integral is ∫ 8𝑟 − 2𝑟2 sin 𝜃  𝑑𝑟
4

0
= 4𝑟2 −

2

3
𝑟3 sin 𝜃 which gives 64 −

128

3
sin 𝜃 after evaluation. The final integral is 2𝜋 

so the object’s volume is 128𝜋. The cosine terms cancel after evaluation. 
 
 

 
 
The object’s radius is 𝑟 = √22 + 12 + 52 = √30, so that the bounds on r are 0 ≤ 𝑟 ≤ √30. The object goes all the 

way around the z axis, so the theta bounds are 0 ≤ 𝜃 ≤ 2𝜋. The phi bounds are 0 ≤ 𝜙 ≤ arccos (
5

√30
). The triple 

integral is 
 

∫ ∫ ∫ 𝜌2 sin 𝜙  𝑑𝜌
√30

0

𝑑𝜃
2𝜋

0

𝑑𝜙
arccos(

5

√30
)

0

 

 
These can be evaluated as three separate integrals: 
 

∫ 𝜌2 𝑑𝜌
√30

0

= [
1

3
𝜌3]

0

√30

=
1

3
(√30)

3
,     ∫ 𝑑𝜃

2𝜋

0

= 2𝜋,       

∫ sin 𝜙  𝑑𝜙
arccos(

5

√30
)

0

= [− cos 𝜙]
0

arccos(
5

√30
)

= − cos (arccos (
5

√30
)) − (− cos 0) = −

5

√30
+ 1. 

 
The object’s volume is their product,  
 

2𝜋

3
√30

3
(1 −

5

√30
). 

 
In this case, it’s best to leave the phi bound in arccos form since it “plays nice” with the cosine after integration. 
 
A slightly reduced form is 
 

2𝜋

3
(√30

3
− 150). 



    ∫ 0  𝜋 / 2    ∫ 0 3    ∫ 0  3 − r  sin ⁡  𝜃  d z r   d r d 𝜃


  3 − r  sin ⁡  𝜃


    ∫ 0 3  3 r −   r 2  sin ⁡  𝜃   d r


   3 2   r 2 −  1 3   r 3  sin ⁡  𝜃


   27 2 − 9  sin ⁡  𝜃


    ∫ 0  𝜋 / 2   (  27 2 − 9  sin ⁡  𝜃 ) d 𝜃 =    [  27 2 𝜃 + 9  cos ⁡  𝜃 ] 0    𝜋 2 =   27 𝜋 4 + 0 −  ( 0 + 9 ) =   27 𝜋 4 − 9 ≈ 12 . 206


    x 2 +   y 2 +   z 2 =   𝜌 2


    𝜌 4  sin ⁡  𝜙


  0 ≤ 𝜌 ≤ 1 ,   0 ≤ 𝜃 ≤ 2 𝜋 ,   0 ≤ 𝜙 ≤ 𝜋


    ∫ 0  𝜋   sin ⁡  𝜙 d 𝜙 =    [ −  cos ⁡  𝜙 ] 0  𝜋 =  ( −  cos ⁡  𝜋 ) −  ( −  cos ⁡ 0 ) = −  ( − 1 ) −  ( − 1 ) = 1 + 1 = 2 ,


    ∫ 0  2 𝜋  d 𝜃 = 2 𝜋 ,               ∫ 0 1    𝜌 4   d 𝜌 =    [  1 5   𝜌 5 ] 0 1 =  1 5 .


    ∫ 0  2 𝜋  d 𝜃 = 2 𝜋 ,               ∫ 0 1    𝜌 4   d 𝜌 =    [  1 5   𝜌 5 ] 0 1 =  1 5 .


   ( 2 )  ( 2 𝜋 )  (  1 5 ) =   4 𝜋 5 ≈ 2 . 513


  y − 4 ≤ z ≤ 4 − y


  0 ≤ r ≤ 4 ,   0 ≤ 𝜃 ≤ 2 𝜋


    ∫ 0  2 𝜋    ∫ 0 4    ∫  r  sin ⁡  𝜃 − 4  4 − r  sin ⁡  𝜃  d z r   d r d 𝜃 .


  8 − 2 r  sin ⁡  𝜃


    ∫ 0 4  8 r − 2   r 2  sin ⁡  𝜃   d r = 4   r 2 −  2 3   r 3  sin ⁡  𝜃


  64 −  128 3  sin ⁡  𝜃


  2 𝜋


  128 𝜋


  r =   2 2 +  1 2 +  5 2 =  30


  0 ≤ r ≤  30


  0 ≤ 𝜃 ≤ 2 𝜋


  0 ≤ 𝜙 ≤  arccos ⁡   (  5   30 )


    ∫ 0   arccos ⁡   (  5   30 )    ∫ 0  2 𝜋    ∫ 0   30    𝜌 2  sin ⁡  𝜙   d 𝜌 d 𝜃 d 𝜙


    ∫ 0   30    𝜌 2   d 𝜌 =    [  1 3   𝜌 3 ] 0   30 =  1 3    (  30 ) 3 ,             ∫ 0  2 𝜋  d 𝜃 = 2 𝜋 ,            


    ∫ 0   arccos ⁡   (  5   30 )   sin ⁡  𝜙   d 𝜙 =    [ −  cos ⁡  𝜙 ] 0   arccos ⁡   (  5   30 ) = −  cos ⁡   (  arccos ⁡   (  5   30 ) ) −  ( −  cos ⁡ 0 ) = −  5   30 + 1 .


    ∫ 0   arccos ⁡   (  5   30 )   sin ⁡  𝜙   d 𝜙 =    [ −  cos ⁡  𝜙 ] 0   arccos ⁡   (  5   30 ) = −  cos ⁡   (  arccos ⁡   (  5   30 ) ) −  ( −  cos ⁡ 0 ) = −  5   30 + 1 .


    2 𝜋 3    30 3  ( 1 −  5   30 ) .


    2 𝜋 3  (    30 3 − 150 ) .

