
Quiz 9 Key 
 

Part A 
 
 

 
 
Check 𝑀𝑦 = 𝑁𝑥. The only one where this is true is (D).  
 
 

 
 
This is a scalar line integral! The path is 𝐫(𝑡) = 〈2 + 5𝑡, 1 + 12𝑡〉 so that 𝐫′(𝑡) = 〈5,12〉 and 𝑑𝑠 = |𝐫′(𝑡)|𝑑𝑡 = 13 𝑑𝑡. 
The bounds on t are 0 to 1. Since 𝑥 = 2 + 5𝑡 and 𝑦 = 1 + 12𝑡, then 𝑥𝑦 = (2 + 5𝑡)(1 + 12𝑡) = 2 + 29𝑡 + 60𝑡2. 

Thus, the integral is ∫ 2𝑥 + 𝑦 𝑑𝑠
𝐶

= 13 ∫ 2 + 29𝑡 + 60𝑡2 𝑑𝑡
1

0
= 13 [2𝑡 +

29

2
𝑡2 + 20𝑡3]

0

1
= 474.5, or

949

2
. 

 
 

 
 
This is a work line integral! The path is 𝐫(𝑡) = 〈1 + 4𝑡, 2 + 2𝑡〉 so that 𝐫′(𝑡) = 〈4,2〉. The vector field is 𝐅(𝑥, 𝑦) =
〈𝑥𝑦, 𝑥 + 𝑦〉 = 〈(1 + 4𝑡)(2 + 2𝑡), (1 + 4𝑡) + (2 + 2𝑡)〉 = 〈2 + 10𝑡 + 8𝑡2, 3 + 6𝑡〉. The integrand is 
〈2 + 10𝑡 + 8𝑡2, 3 + 6𝑡〉 ⋅ 〈4,2〉 = 8 + 40𝑡 + 32𝑡2 + 6 + 12𝑡 = 32𝑡2 + 52𝑡 + 14. The integral is ∫ (32𝑡2 + 52𝑡 +

1

0

14)𝑑𝑡 = [
32

3
𝑡3 + 26𝑡2 + 14𝑡]

0

1
=

32

3
+ 26 + 14 =

152

3
. 

 



 
 
This is a work line integral! The path is 𝐫(𝑡) = 〈𝑡, 𝑡2〉 so that 𝐫′(𝑡) = 〈1,2𝑡〉. Bounds are 0 to 4. Vector field is 
𝐅(𝑥, 𝑦) = 〈𝑥2, 𝑦 − 𝑥〉 = 〈𝑡2, 𝑡2 − 𝑡〉. The integrand is 〈𝑡2, 𝑡2 − 𝑡〉 ⋅ 〈1,2𝑡〉 = 𝑡2 + 2𝑡3 − 2𝑡2 = 2𝑡3 − 𝑡2. The integral is 

∫ (2𝑡3 − 𝑡2)𝑑𝑡
4

0
= [

1

2
𝑡4 −

1

3
𝑡3]

0

4
= 128 −

64

3
=

320

3
. 

 
 
 

 
 
The vector field is conservative! The potential function is 𝑓(𝑥, 𝑦) = 3𝑥2𝑦3. Just evaluate at the end points and 
subtract. At (2,8), you get 𝑓(2,8) = 3(2)2(8)3 = 6,144. At (0,0), you get 0. Thus, the line integral is 6,144 – 0 = 6,144. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 



Part B 
 

 
 

1. The path is 𝐫(𝑡) = 〈2 + 3𝑡, −3 + 7𝑡〉 so that 𝐫′(𝑡) = 〈3,7〉 and 𝑑𝑠 = |𝐫′(𝑡)|𝑑𝑡 = √58 𝑑𝑡. The bounds on t are 
0 to 1. Since 𝑥 = 2 + 3𝑡 and 𝑦 = −3 + 7𝑡, then 2𝑥 + 𝑦 = 2(2 + 3𝑡) + (−3 + 7𝑡) = 4 + 6𝑡 − 3 + 7𝑡 = 1 +

13𝑡. Thus, the integral is ∫ 2𝑥 + 𝑦 𝑑𝑠
𝐶

= √58 ∫ 1 + 13𝑡 𝑑𝑡
1

0
= √58 [𝑡 +

13

2
𝑡]

0

1
=

15

2
√58. 

2. The path is 𝐫(𝑡) = 〈𝑡, 2𝑡2〉 so that 𝐫′(𝑡) = 〈1,4𝑡〉. The bounds on t are 0 to 2.  Vector field 𝐅(𝑥, 𝑦) =
〈3𝑥, 𝑥 − 2𝑦〉 = 〈3𝑡, 𝑡 − 4𝑡2〉. Thus, 𝐅 ⋅ 𝑑𝐫 = 〈3𝑡, 𝑡 − 4𝑡2〉 ⋅ 〈1,4𝑡〉 = 3𝑡 + 4𝑡2 − 16𝑡3. The integral is 

∫ (3𝑡 + 4𝑡2 − 16𝑡3)𝑑𝑡
2

0
= [

3

2
𝑡2 +

4

3
𝑡3 − 4𝑡4]

0

2
= 6 +

32

3
− 64 = −

142

3
.  

3. The path is 𝐫(𝑡) = 〈4 cos 𝑡 , 4 sin 𝑡〉 so that 𝐫′(𝑡) = 〈−4 sin 𝑡 , 4 cos 𝑡〉. The bounds on t are 0 to pi. Vector field 
𝐅(𝑥, 𝑦) = 〈−𝑦, 𝑥 + 𝑦〉 = 〈−4 sin 𝑡 , 4 cos 𝑡 + 4 sin 𝑡〉. The dot product is 𝐅 ⋅ 𝑑𝐫 = 〈−4 sin 𝑡 , 4 cos 𝑡 + 4 sin 𝑡〉 ⋅
〈−4 sin 𝑡 , 4 cos 𝑡〉 = 16 sin2 𝑡 + 16 cos2 𝑡 + 16 sin 𝑡 cos 𝑡 = 16 + 16 sin 𝑡 cos 𝑡. The integral is 
∫ 16 + 16 sin 𝑡 cos 𝑡  𝑑𝑡

𝜋

0
= [16𝜃 + 8 sin2 𝑡]0

𝜋 = 16𝜋. Note that the sine at pi and at 0 is 0 so all those terms 
vanish. 

4. The vector field is conservative (Check My = Nx). The potential function is 𝑓(𝑥, 𝑦) = 𝑥2𝑦 + 3𝑥 + 𝑦2. The 

endpoints are (1,2) and (0,0). Thus, ∫ 𝐅 ⋅ 𝑑𝐫
𝐶

= [𝑥2𝑦 + 3𝑥 + 𝑦2](0,0)
(1,2)

= 2 + 3 + 4 − 0 = 9. 

5. Use Green’s Theorem. The integrand is 𝑁𝑥 − 𝑀𝑦 = 5 − 3 = 2, so that ∫ 𝐅 ⋅ 𝑑𝐫
𝐶

= 2 ∬ 𝑑𝐴
𝑅

. This is 2 times 
the area of the region the path encloses. It is a triangle of base 6 and height 4, so the line integral value is 

2 ∬ 𝑑𝐴
𝑅

= 2 (
1

2
(6)(4)) = 24. 



    M  y =   N  x


  𝐫  ( t ) =  〈 2 + 5 t , 1 + 12 t 〉


    𝐫 ′  ( t ) =  〈 5 , 12 〉


  d s =  |   𝐫 ′  ( t ) | d t = 13   d t


  x = 2 + 5 t


  y = 1 + 12 t


  x y =  ( 2 + 5 t )  ( 1 + 12 t ) = 2 + 29 t + 60   t 2


    ∫  C  2 x + y   d s = 13   ∫ 0 1  2 + 29 t + 60   t 2   d t = 13    [ 2 t +  29 2   t 2 + 20   t 3 ] 0 1 = 474 . 5 ,   or  949 2


  𝐫  ( t ) =  〈 1 + 4 t , 2 + 2 t 〉


    𝐫 ′  ( t ) =  〈 4 , 2 〉


  𝐅  ( x , y ) =  〈 x y , x + y 〉 =  〈  ( 1 + 4 t )  ( 2 + 2 t ) ,  ( 1 + 4 t ) + ( 2 + 2 t ) 〉 =  〈 2 + 10 t + 8   t 2 , 3 + 6 t 〉


   〈 2 + 10 t + 8   t 2 , 3 + 6 t 〉 ⋅  〈 4 , 2 〉 = 8 + 40 t + 32   t 2 + 6 + 12 t = 32   t 2 + 52 t + 14


    ∫ 0 1   ( 32   t 2 + 52 t + 14 ) d t =    [  32 3   t 3 + 26   t 2 + 14 t ] 0 1 =  32 3 + 26 + 14 =  152 3


  𝐫  ( t ) =  〈 t ,   t 2 〉


    𝐫 ′  ( t ) =  〈 1 , 2 t 〉


  𝐅  ( x , y ) =  〈   x 2 , y − x 〉 =  〈   t 2 ,   t 2 − t 〉


   〈   t 2 ,   t 2 − t 〉 ⋅  〈 1 , 2 t 〉 =   t 2 + 2   t 3 − 2   t 2 = 2   t 3 −   t 2


    ∫ 0 4   ( 2   t 3 −   t 2 ) d t =    [  1 2   t 4 −  1 3   t 3 ] 0 4 = 128 −  64 3 =  320 3


  f  ( x , y ) = 3   x 2   y 3


  f  ( 2 , 8 ) = 3    ( 2 ) 2    ( 8 ) 3 = 6 , 144


  𝐫  ( t ) =  〈 2 + 3 t , − 3 + 7 t 〉


    𝐫 ′  ( t ) =  〈 3 , 7 〉


  d s =  |   𝐫 ′  ( t ) | d t =  58   d t


  x = 2 + 3 t


  y = − 3 + 7 t


  2 x + y = 2  ( 2 + 3 t ) +  ( − 3 + 7 t ) = 4 + 6 t − 3 + 7 t = 1 + 13 t


    ∫  C  2 x + y   d s =  58   ∫ 0 1  1 + 13 t   d t =  58    [ t +  13 2 t ] 0 1 =  15 2  58


  𝐫  ( t ) =  〈 t , 2   t 2 〉


    𝐫 ′  ( t ) =  〈 1 , 4 t 〉


  𝐅  ( x , y ) =  〈 3 x , x − 2 y 〉 =  〈 3 t , t − 4   t 2 〉


  𝐅 ⋅ d 𝐫 =  〈 3 t , t − 4   t 2 〉 ⋅  〈 1 , 4 t 〉 = 3 t + 4   t 2 − 16   t 3


    ∫ 0 2   ( 3 t + 4   t 2 − 16   t 3 ) d t =    [  3 2   t 2 +  4 3   t 3 − 4   t 4 ] 0 2 = 6 +  32 3 − 64 = −  142 3


  𝐫  ( t ) =  〈 4  cos ⁡  t , 4  sin ⁡  t 〉


    𝐫 ′  ( t ) =  〈 − 4  sin ⁡  t , 4  cos ⁡  t 〉


  𝐅  ( x , y ) =  〈 − y , x + y 〉 =  〈 − 4  sin ⁡  t , 4  cos ⁡  t + 4  sin ⁡  t 〉


  𝐅 ⋅ d 𝐫 =  〈 − 4  sin ⁡  t , 4  cos ⁡  t + 4  sin ⁡  t 〉 ⋅  〈 − 4  sin ⁡  t , 4  cos ⁡  t 〉 = 16    sin 2 ⁡  t + 16    cos 2 ⁡  t + 16  sin ⁡  t  cos ⁡  t = 16 + 16  sin ⁡  t  cos ⁡  t


    ∫ 0  𝜋  16 + 16  sin ⁡  t  cos ⁡  t   d t =    [ 16 𝜃 + 8    sin 2 ⁡  t ] 0  𝜋 = 16 𝜋


  f  ( x , y ) =   x 2 y + 3 x +   y 2


    ∫  C  𝐅 ⋅ d 𝐫 =    [   x 2 y + 3 x +   y 2 ]   ( 0 , 0 )   ( 1 , 2 ) = 2 + 3 + 4 − 0 = 9


    N  x −   M  y = 5 − 3 = 2


    ∫  C  𝐅 ⋅ d 𝐫 = 2   ∬  R  d A


  2   ∬  R  d A = 2  (  1 2  ( 6 )  ( 4 ) ) = 24

